International Journal of Approximate Reasoning 53 (2012) 1155-1167

Contents lists available at SciVerse ScienceDirect

International Journal of Approximate Reasoning

o5

EI.SEVIER journal homepage:www.elsevier.com/locate/ijar

Local computations in Dempster-Shafer theory of evidence

Radim Jirousek

Faculty of Management of University of Economics, and Institute of Information Theory and Automation, Academy of Sciences, Czech Republic

ARTICLEINFO ABSTRACT
Article history: When applying any technique of multidimensional models to problems of practice, one
Available online 11 July 2012 always has to cope with two problems: the necessity to represent the models with a "rea-

sonable" number of parameters and to have sufficiently efficient computational procedures
at one’s disposal. When considering graphical Markov models in probability theory, both of
these conditions are fulfilled; various computational procedures for decomposable models
are based on the ideas of local computations, whose theoretical foundations were laid by

Keywords:

Belief network
Composition operator
Conditional independence

Factorisation Lauritzen and Spiegelhalter.
Graphical model The presented contribution studies a possibility of transferring these ideas from prob-
Computational complexity ability theory into Dempster-Shafer theory of evidence. The paper recalls decomposable

models, discusses connection of the model structure with the corresponding system of con-
ditional independence relations, and shows that under special additional conditions, one
can locally compute specific basic assignments which can be considered to be conditional.

© 2012 Elsevier Inc. All rights reserved.

1. Introduction

Dempster-Shafer theory of evidence [6,21] generalises classical probability theory in such a way that one can easily
describe not only uncertainty but also ignorance. Unfortunately, its disadvantage stems from the fact that belief functions
cannot be represented by a point function (like density function in probability theory); instead, one has to manipulate
with set functions, which leads to an exponential increase of algorithmic complexity for all the necessary computational
procedures.

With regard to probability theory, a substantial decrease of computational complexity was achieved with the help of
Graphical Markov Models (GMM), a technique developed in the last quarter of the last century. Here we specifically have in
mind a technique based on local computations for which the theoretical background was laid by Lauritzen and Spiegelhalter
[19]. Its basic idea can be expressed in a few words: a multidimensional distribution represented by a Bayesian network is
first converted into a decomposable model, which allows for efficient computation of conditional probabilities.

By properly studying probabilistic GMM one can realise that it is a notion of conditional independence (which is closely
connected with a notion of factorisation) that makes it possible to represent multidimensional probability distributions
efficiently. A goal of this paper is to present a brief survey summarising results concerning decomposable models within
Dempster-Shafer theory of evidence presented in [12-14]. In addition to this we will show that, even in Dempster-Shafer
theory, one can employ the basic ideas of Lauritzen and Spiegelhalter and compute “conditional” basic assignments locally.
The quotation marks in the preceding sentence express the fact that we will consider a very special way of conditioning that
can be expressed in the form of a compositional model.

In the rest of this section we introduce necessary notation as well as an operator of composition which plays a crucial role
in this paper. Section 2 is devoted to a new property of the operator of composition without which we would not be able to
design local computational procedures in Section 5. Section 3 explains the relation between factorisation and the concept
of conditional independence (which is different from the one used by most of other authors like Ben Yaglan [3], Shenoy [22]
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Fig. 1. A set that is not a joint of its projections.

and others), and the above-mentioned survey concerning graphical models is in Section 4. So, most of the assertions from
Sections 1, 3, 4 were proved previously and this is why they are presented here without proofs.

1.1. Notation

In this paper we consider a finite multidimensional space Xy = X7 x Xy X - -+ X Xy, and its subspaces (for all K C N)

Xk = X iekXi.

For a point X = (x1, X, ..., X,) € Xy its projection into subspace X is denoted x¥K = (Xi)jek, and for A € Xy
A =y e X¢:Ix e A, xM = ).

By a join of two sets A C Xk and B C X; we understand a set
As<aB={xeXgu: x* € A & x' € B).

Let us note that if K and L are disjoint, then A><B = A x B,if K = LthenA><B = ANB.

From the perspective of this paper it is important to realise that if x € C C Xguy, then x¥X € ¥ and VL e c¥t,
which means that always C € C WK sq L, However, it does not mean that C = C¥K s« CYt, For example, considering
two-dimensional frame of discernment X{; »; with X; = {a;, a;} for bothi = 1, 2, and C = {(a1, a2), (a1, a2), (a1, az)},
one gets

o M = {ay, @) s {1, 2} = {(a1, @2). (@1 @2). (a1, @), (@1, )} 2 C

(see Fig. 1).
1.2. Basic assignments

The role played by a probability distribution in probability theory is in Dempster-Shafer theory played by any of the
following set functions: belief function, plausibility function, basic (probability or belief) assignment, or commonality func-
tion. Knowing one of them, one can derive all the remaining ones. In this paper we will use almost exclusively basic
assignments.

A basic assignment m on Xg (K € N) is a function

m: PXg) — [0, 1],
for which

> m@A) =1.

D#AZXk

If m(A) > 0, then A is said to be a focal element of m. Recall that

Bel(A) = > m(B), PlA)= >, m(B),

(A#BCA BC Xk :BNAFAD

and the respective commonality function is

QA) = > m(®B).

BDA
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Having a basic assignment m on Xy one can compute its marginal assignment on X (for L € K), which is defined (for
each) #B C X;):

mt@) = > ma@.

ACXy:AVL =B
1.3. Operator of composition

Compositional models were introduced for probability theory in [10] as an alternative to Bayesian networks for efficient
representation of multidimensional measures. They were based on recurrent application of an operator of composition. This
operator is defined for probability measures 7 and « on X and X, respectively, if the marginal measure 7 HKOL g absolutely

continuous with respect to x K", for each x € X;_k by the formula

7 (x V) (x V)

(> K)(x) = 1 VKL (KLY

(for the precise definition and its properties see [10]). In fact, the operator of composition realises an old Perez’ idea [20]:
For a probability measure 7 (x, y, z)

n(x,y,2) =w(x,y) - w(z|x,y)

always holds true. It means that if there is not a strong conditional dependence between x and z given y, then one can
consider probability measure

A(X,y,2) =mw(x,y) - w(z|y)

as an approximation of measure 7. The advantage of this approximation is that it can easily be reconstructed from two
two-dimensional marginals of . One can immediately see that for measure 77, variables x and z are conditionally independent
given y. Therefore, Perez called this type of approximation dependence structure simplification.

Based on this idea, an analogous operator within the framework of Dempster-Shafer theory was introduced in [17].

Definition 1 (Operator of composition). For two arbitrary basic assignments m; on Xg and my on X; (K # ¥ # L), a
composition my > mj is defined for each C C X by one of the following expressions:

[a] ifm%mL(C“mL) > 0and C = CYX 0 €V then

my(CYK) - my(CVE)
m%KﬂL (C“(QL)

(my >my)(C) =

[b] if my*"(CYKML) = 0and € = €K x X;\x then

(my & my)(C) = my (CH);
[c] in all other cases (m; >m3)(C) = 0.

Remark 1. The reader may have noticed that for C meeting the condition from case [a] (Definition 1), this definition copies
the idea of probabilistic composition. Case [b] covers situations when there would appear a positive number divided by
zero in the formula from case [a]. In such a situation, the probabilistic operator of composition remains undefined. These
are the very situations when basic assignments my and m, are in conflict and therefore the whole mass of m; is assigned
to the respective least informative subset of Xy, i.e., to C K X\ Eventually, case [c] from Definition 1 guarantees

that no set C # C WK g oI s assigned a positive mass which would otherwise introduce an undesirable (conditional)
dependence.

Remark 2. It is, perhaps, also necessary to stress that the operator of composition is something other than the famous
Dempster’s rule of combination [6], or its non-normalised version, the so called conjunctive combination rule [2]

(m@ my)(C) = > m1(A) - my(B).

ACXy,BCX, :A<B=C
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For example, the operation of composition is (in contrast with the above-mentioned conjunctive combination rule) neither
commutative nor associative (see below). While Dempster’s rule of combination was designed to combine different (inde-
pendent) sources of information (it realises fusion of sources), the operator of composition primarily serves for composing
pieces of local information (usually coming from one source) into a global model. The notion of composition is therefore
closely connected with the notion of factorisation. This fact manifests itself also in the following difference: While for com-
putation of (m; > my)(C) it is enough to know only m; and m; just for the respective projections of set C, computing
(m1© m3)(C) requires knowledge of, roughly speaking, the entire basic assignments my and m;.

For further intuitive justification of the operator of composition the reader is referred to [17]. For its interpretation within
the framework of valuation-based systems see [15]. In view of the forthcoming text, the following assertion from [17] is the
most important.

Proposition 1 (Basic properties). Let mqy and my be basic assignments defined on Xy, X[, respectively. Then:

1. my > my is a basic assignment on Xgup;
2. (m > mz)w =my;

KNL KNL
3.mepmy=myr>m <— mf :m2L .

The reader probably noticed that property 2 guarantees idempotency of the operator and gives a hint about how to get

a counterexample to its commutativity (just consider two basic assignments for which m]“mL #= m% mL). From point 1,
one immediately gets that for basic assignments my, my, ..., m, defined on Xy, , X,, . . ., Xk,, respectively, the formula
my > my > - - - > m; defines a (possibly multidimensional) basic assignment defined on X, u...uk, . Moreover, in contrast to
probabilistic case, in D-S theory this composed multidimensional basic assignments is always defined - this is ensured by
case [b] of Definition 1.

Example: Consider two basic assignments my, my on X{1 2}, X{2,3}, respectively, where again each X; = {a a;}. For the sake
of simplicity, assume that each of them has only two focal elements, namely: m; ({(a, az)}) = 0.5, m;({(a;, az)}) = 0.5
and my({(az, az)}) = 0.6, my({(ay, az)}) = 0.4. When computing m; > mjy, one should realise that although there are 255
nonempty subsets C of X{1 3}, only 99 of them are such that C = cH1-2} g 123} and Definition 1 assigns positive values
only to three of them (case [a] is used twice and case [b] once):

[a] (m1 > my)({(a1. @z, a3)}) = Mdlanpmad.e)) _ 0506 — g3,
my " ({(a2)})
mi({(ar.02)))-my({(a2.a3))) _ 0504 _ (-

my*! ({(a2))) ! ’
[b] (mq>my)({(a1, az, a3), (ai, a, as)}) = my({(as, ax)}) = 0.5.

[a] (m1>mp)({(a1, az, a3)}) =

2. Controlled associativity

As already mentioned above, the operator of composition is not associative. This means that in fact we do not know what
the formula my > my > - - - > m, means. To avoid the necessity of using too many parentheses, let us make the following
convention. In the formulae like m; > my > - - - > m,, when the order of application of the operators of composition is not
controlled by parentheses, the operators will be applied from left to right, i.e.,

meomy>--->m=(C--(M>my)>--->mM_q) > M.

When designing a process of local computations for compositional models in D-S theory (which is intended to be an
analogy to the process proposed by Lauritzen and Spiegelhalterin[19]), we have to realise why we transfer Bayesian networks
into decomposable models. What does make computations in decomposable models easier? The answer is straightforward.
Computational procedures have to go through a Bayesian network from source to terminal nodes (parents must be processed
before their children). In contrast to this, decomposable models can be reordered so that one can always start with an arbitrary
node and the respective computational procedures take this advantage and change the orderings of computations. So it is not
surprising that we will need a type of associativity in order to design an efficient computational procedure for compositional
models. Surprisingly enough, the following weak form of associativity, which is the main theoretical achievement of this
paper, will be sufficient.

Proposition 2 (Controlled associativity). Let my, my and ms be basic assignments on X, , Xk, and X, respectively, such that

K> 2 Ki N Ks. If all focal elements ofmlu(l %2 are also focal elements ofm%K1 K e,

m%,K]ﬂKz (C¢](lﬂl(2) > 0= mé“ﬁﬂKz (C¢I(1ﬂKz) >0,
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then

(my>my)>m3 =my> (mMy>ms).
Proof. The goal is to prove that for any C € Xy, uk,uk;

((mq >my) > m3)(C) = (mq > (M2 > m3))(C). (1)
We have to distinguish five special cases.

A. C # VK g oV g €365,
This is the simplest situation because, due to associativity of join,

(CU<1 > CUQ) b OV — VK (CUQ < CiKa)

and therefore in this case both sides of formula (1) equal 0, which follows from Definition 1 (case [c]).
B. C = (¥ g VK2 g U5 and my*17%2 (cbianiey ~ o mifes clkenks) - o,
In this case, under the given assumptions,
K3 N (K1 UKy) = K3 NK;
and therefore
my (CY) - my(CV) m3(CY)

mp>my)>m3)(C) = . .
((m1 > my) > m3)(0) m%szKl(C‘LszKl) m3u<3ml<2(cu<3ﬁ,(2)

Analogously, we can make the following computations (in the last modification we use the fact that in the considered
case K1 NKy; NK3 =K1 N Kg)l

) = mi(C) - (m; > m3) (€T
(mq > (my >m3))(€) = (my > m3) VKiNQUKs) (cIKiN(KUKs) )

B my (CH) my(CH2) - my(CH5)
= (m2 > m3)¢l(1ﬂ(l(2UK3)(Cl,K]m(Kzulﬁ)) méLKZﬂI@ (C‘LI<ZOI<3)

m (C»LKl) . mélzkl NK2NK3 (C‘LK] szﬂKg) my (Cl,Kz) - m3 (Cl,Kg)

m2¢l<1ﬂl<z (CiKsz) . m3¢l<1ﬂl<3 (Cu(]m@) ' m%KzﬂKs (Cu(zmkg)

my (CY1) - my(CY2) - m3(CY9)
m%lﬁ NK3 (C‘LK] 01(2) . méleﬂI@ (C“<20K3) ,

which proves that the equality (1) holds.
C. C = C¥K1 g M2 g VK5 and mif72 (cHaNk2y 5 o mi%e s (clienisy — o,
In this case, if CVK3\K2 # Xi,\k, then both sides of formula (1) equal 0. This is because, due to Definition 1, both

composed assignments (m > mjy) > ms3 and my > m3 equal O for this C, and therefore also (my > (my > m3))(C) = 0.
Therefore, consider C = C¥1 b« C¥X2 g X\, . For this we get from Definition 1

((ml > mz) > m3)(C) = (ml > mz)(CLK1UI(2)‘
For the right-hand side of formula (1) we get

(my > m3)(C¢K2UK3) — mz(C“(z)
and therefore

(ml > (mz > m3))(C) = (ml > mz)(CLK1UI(2)‘

D. C = (V1 oq € g U5 and my" ™% (cHaNke) = o, g0 (clanis) 5 g,
Since we assume that mlu(l K2 (clKink2y < 0 implies m%Kl K2 (cVKiNK2) < 0, we know that for the considered C,

mlu(l Nk (C¥K1NK2) — 0, and therefore both sides of formula (1) equal 0 because my is marginal to both (my >my) >ms
and mq > (my > m3).
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Table 1
Composed basic assignment (mq > my) > ms.

Focal elements (my >mp) > m3
{(a1, @)}
{(a1, a2)}

{(a1, a2), (a1, @2)}

Wi W= W

Table 2
Composed basic assignment m; > ms.
Focal elements my > ms
(@, 1z)} 3
(@, @) 1
(@, a), @, @) 3

E. C = K1 pq M2 g VK5 and md 72 (claniey = o, mi%es (clienisy — o,
It is obvious from Definition 1 that both sides of formula (1) equal O for all C but for C = ¥k g Xio\ky < Xz \K; -
For this special case, however,
((my & my) &> m3)(C) = my (CY),
(m1 > (my >m3))(C) = my(CH). O

Example: Let us illustrate the necessity of the assumption
miLK]mKZ (C‘LKﬂ-]KZ) > 0 mil«KlmKZ (C*LKH-]KZ) > 0

required in Lemma 2 by (for the sake of simplicity a rather degenerated) example. Consider three basic assignments my, m;
and m3. Assume that in this case K; = K, = {1} and K3 = {1, 2}, X; = {qa;, a;} for both i = 1, 2. Define m;({a;}) = 1 and
my({a;}) = 1, which means that both my, m, have only one focal element, and m3(A) = % for all nonempty subsets of
X; x Xo.

For these basic assignments we immediately get m; = my >m; (when applying Definition 1, one has to take ¥k % Xy =
c¥ka ), and therefore one gets my > my > ms3 as indicated in Table 1. Analogously, one gets my > m3 which is depicted in
Table 2. Computing now the basic assignment m; > (my > ms3), one gets a basic assignment with only one focal element

(my > (my>m3))({ar} x Xp) = 1.
Thus we have shown that in this case

(m1|>m2)|>m3 7£m1>(m2>m3).

3. Independence and factorisation

What makes the representation and local computations with multidimensional probability distributions feasible is the
property of factorisation [19], which is closely connected with the notion of (conditional) independence. Already in their
seminal papers Dempster [6] and Walley and Fine [27] considered a type of independence that holds for variables X; and X»
with respect to basic assignment m on X{1 2; = X; x Xp if forall A C X{y 2

mH A b2 (421 jfa = MDY A2

m(A) =
@) 0 otherwise.

This formula inspired us to introduce the following notion of factorisation in Dempster-Shafer theory of evidence [12].

Definition 2 (Simple factorisation). Let m be a basic assignment on Xy (K, L nonempty). We say that basic assignment m
factorises with respect to the couple (K, L) if there exist two nonnegative set functions

¢ : ’P(XK) — [Oa +OO), Iﬂ : P(XL) — [07 +OO),
such that for allA C Xkur

HAYEY Y (ALY ifA = AVK g AVL,
m(A) =
0 otherwise.
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Example: Consider X{1 7 3) = X; X Xp x X3 with all three X; = {a;, G;} as in the preceding examples, and consider basic
assignment m factorising with respect to the couple ({1, 2}, {2, 3}). This means that it can be represented with the help of
two functions

¢ : P(X{1,2)) — [0, +00), ¥ : P(Xi2,31) — [0, +00).

Since both subspaces X{1,2) and X{2 3) have 15 nonempty subsets, each of these functions is defined with the help of maximally
15 numbers, which means that the considered basic assignment can be represented with 30 parameters. Generally, a basic
assignmenton X(; »,3) can have up to 255 focal elements, and the numberof setsA C X{;.2,3) forwhichA # A+{1:2} pq AVZ:3)
is 156.

Remark 3. Notice that the importance of the factorisation does not follow only from the fact that the basic assignment m
in the preceding example can be represented by two functions ¢ and v, i.e., with 30 parameters, but also from the fact that
the value m(A) can be computed just from two values: ¢ (A“LZ}) and (A““}). Value m(A) does not depend on values of
functions ¢ and v in other points of their domains of definition. This is important because if we considered basic assignment
mon X{q 2 3) that factorises in the sense of the conjunctive combination rule (or Dempster’s rule of combination), i.e., there
exist basic assignments my and m; on X{q 3 and X{; 3), respectively, such that

m = miQ) my,

then to compute the value m(A) one has to know values of m; and m; for all supersets of the respective projections of set A.

In probability theory, the notion of factorisation is closely connected with the notion of conditional independence. The
same holds in Dempster-Shafer theory under the assumption that one accepts the notion of conditional independence as it
appears in the following Definition 3, introduced originally in [16]. Nevertheless, let us first repeat some intuitive reasoning
published in [16] that led us to this definition.

There are at least three ways to introduce a generally accepted concept of unconditional (some authors call it marginal)
independence (non-interactivity) for two disjoint groups of variables Xx and X;. Here we will mention two of them, neither
of which requires Dempster’s rule of combination. The one used for example by Ben Yaghlane et al. [2], Shenoy [22] and
Studeny [25] is based on the properties of a commonality function. According to this definition, we say that disjoint groups
of variables Xg and X; are (unconditionally) independent with respect to basic assignment m if

QLKUL (A) — Ql,K (Ai,K) . QLL (Ai,L)

forany A C Xguy. The other (equivalent) definition, which was already mentioned at the beginning of this section, says that
Xi and X are independent if for all A C Xy for whichA = AVK 5 AlL

mi,l(UL(A) — miK(A¢K) . m\LL(A\LL),

and m¥¥“YL(A) = 0 for all the remaining A C Xy, for which A # AYK x A¥L_ Both of these definitions invite generalisation
for the case of overlapping groups of variables. Both of them satisfy the so-called semigraphoid properties, both of them are
generalisations of the probabilistic notion of conditional independence (i.e., for Bayesian basic assignments they coincide),
and yet these generalisations do not coincide in general. As it is discussed in [ 3], Studeny showed that the generalisation based
on the commonality functions is not consistent with marginalisation. By this he means that there exist basic assignments
my and my on X{1,2) and X{; 3, respectively, for which there exist their common extensions m on X{1 3 3) (m“”} = my,
mtiz3 = my), but for none of these extensions X; and X3 are conditionally independent given X, (for an example the
reader is referred to [3]). And this is one of the reasons why we prefer the following definition. Another reason is that for the
concept of conditional independence from Definition 3, one can prove the Factorisation Lemma - see Proposition 3 below.

Definition 3 (Conditional independence). Let m be a basicassignmenton Xy andK, L, M C N be disjoint, both K, L # . We
say that groups of variables Xy and X; are conditionally independent given Xy; with respect to m (and denote it by K ILL|M [m]),
if forany A C Xgurum such that A = AVKUM oy AVLUM e equality

P KULUM (4 UM UMy LKUM ( LKUMY) o LLUM (4 |LUM
holds true, and m¥X“'“M(4) = 0 for all the remaining A € Xguzum, for which A # AVKUM g AVLUM,

Remark 4. As already mentioned above, it was shown in [11] that this definition meets all the semigraphoid axioms [24]
and that for M = (J it reduces to the generally accepted definition of (unconditional) independence (see, e.g., [2]).

Important relationships between this type of conditional independence and factorisation (operator of composition) are
presented in the following two assertions proved in [26] and [17], respectively.
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Proposition 3 (Factorisation lemma). Let K, L be nonempty. m kUL factorises with respect to the couple (K, L) if and only if

K\LIL\K|KNL[m].

Proposition 4 (Factorisation of composition). Let K, L be nonempty. mV¥KYL factorises with respect to the couple (K, L) if and
only if

mVKUL — LK L

Remark 5. It may be interesting to realise that when computing m*X > m*!, no positive value (m*X = m¥%)(C) is assigned
by application of the expression [b] of Definition 1. Namely, this expression is applied only when one composes basic
assignments which are in conflict, which cannot happen when composing marginals of a more-dimensional basic assignment.

4. Graphical models
4.1. Belief networks

In this section we introduce a Dempster-Shafer counterpart to Bayesian networks. It is well-known that Bayesian networks
can be defined in probability theory in several different ways. Here we will proceed according to a rather theoretical approach
which defines a Bayesian network as a probability distribution factorising with respect to a given acyclic directed graph (DAG).
The factorisation guarantees that the independence structure of a probability distribution represented by a Bayesian network
is in harmony with the so called d-separation criterion [9,18].

The factorisation principle can be formulated in the following way (here pa(i) denotes the set of parents of a node i
of the considered DAG, and fam(i) = pa(i) U {i}): measure 7 is a Bayesian network with a DAG G = (N, E) if for each
i=2,...,|N|(assuming that the ordering 1, 2, ..., |N|issuch thatk € pa(j) =— k < j) marginal distribution s ¥{1:2:---1}
factorises with respect to couple ({1, 2, ..., i — 1}, fam(i)). And this is the definition which can be directly taken over into
Dempster-Shafer theory.

Definition 4 (Belief network). We say that a basic assignment m is a belief network (BN) with a DAG G = (N, E) if for each
i = 2,...,|N| (assuming the enumeration meets the property that k € pa(j) = k < j), marginal basic assignment
m+ 11} factorises with respect to the couple ({1, ..., i — 1}, fam(i)).

From this definition, which differs from those used in [7,23], we get the following description of a BN.

Proposition 5 (Closed form for BN). Let G = (N, E) be a DAG, and 1, 2, . .., |N| be its nodes ordered in the way that parents
are before their children. Basic assignment m is a BN with graph G if and only if

m = mian( | lfam@) L am(IN]D

Proof. Let us employ mathematical induction. For [N| = 1 (fam(1) = {1}) the assertion is trivial, so we will perform the
inductive step, which is nothing other than application of Proposition 4: Marginal basic assignment mt1-2-1} factorises
with respect to couple ({1, 2, ..., i — 1}, fam(i)), and therefore

m¢{1,2,...,i} — m¢{1,2,..‘,i71} > mifami — (mifam(l) B mLfam(ifl)) > mifam(i)' 0

Example: With respect to Proposition 5, basic assignment m is a BN with the graph from Fig. 2(a) if

m = mi U o b2 230 24 L) L 3.5.6)

because the ordering of nodes 1, 2, 3, 4, 5, 6 is such that parents are before their children. However, it is not the only
ordering meeting this condition. Since, say, the ordering 2, 3, 1, 4, 5, 6 also fulfils this condition, the basic assignment m
can equivalently be expressed in the form of the following compositional model:

m= mb2 o 23 o ) b 0.24) L LAS) 13,56

4.2. Factorisation with respect to decomposable graphs

In classical papers on probabilistic models like that by Daroch, Lauritzen and Speed [5], or Edwards and Havranek [8],
graphical models were defined as probability distributions (measures) factorising with respect to a system of subsets forming
cliques of agraph. For the sake of this paper we will just define a subclass of graphical models, so-called decomposable models,
which factorise with respect to decomposable graphs, i.e., with respect to the graphs whose cliques K7, K3, . . ., K; (maximal
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&—® 6‘@

Fig. 2. (a) DAG and (b) decomposable graph.

()

complete subsets of nodes) can be ordered to meet the so-called Running Intersection Property (RIP): foralli = 2,...,r
there exists j, 1 < j < i, such that

KNEKU---UKi—q) C K;.

This offers us a possibility to define decomposable models using Definition 2 recursively.

Definition 5 (Decomposable basic assignments). We say that a basic assignment m is decomposable if it factorises with respect
to a decomposable graph in the following sense (let K7, K3, . . ., K; be cliques of the considered decomposable graph ordered
so that they meet RIP): foralli = 2, . .., r the marginal m+¥1Y""YKi factorises with respect to the couple (Ky U- - - UKi_1, K;).

By repeated application of Proposition 4 one can immediately see that a decomposable model can easily be represented
by a system of its marginals (the simple proof is in [13]).

Proposition 6 (Composition of decomposable models). Consider adecomposable graph with cliques Ky, . . ., K;. If this ordering
meets RIP then m is decomposable with respect to the graph in question if and only if

m=m" o mike o K K

Example: The graph in Fig. 2(c) has four cliques: {1, 2, 4}, {2, 3, 4}, {3, 4, 5}, and {3, 5, 6}. It is not difficult to verify that
this ordering meets the conditions of the running intersection property, which means that the graph is decomposable, and
basic assignment m is decomposable with this graph if and only if

m= m¢{1,2,4} > m¢{2,3,4} > m¢{3,4,5} > m¢{3,5,6}’

or, using another RIP ordering,
m = mt234 o pl 345} L L1124} 1(3,5.6)

or,
m = mH3:5.6) o b 3.45) L p2.3.4) | (1.2.4)

Let us stress that it can be shown that all three of these conditions are equivalent because all three clique orderings considered
here do meet RIP. Notice the characteristic property expressed by RIP: whenever an operator of composition is realised the
composition is computed, in fact, for two three-dimensional marginals.

Proposition 6 says that a basic assignment is decomposable if and only if it can be composed from a system of its marginals
(the structure of the system must correspond to cliques of a decomposable graph). We can also ask the opposite question:

having a system of low-dimensional basic assignments mq, my, ..., m; defined on X, , Xx,, . . . , Xx,, respectively, what are
the properties of the multidimensional basic assignment my > m; > - - - > m;? The answer to this question, which follows
from the following assertion proved in [16], is that if K1, K>, . . ., K meet RIP then m; > my > - - - > m, is decomposable.
Proposition 7. For any sequence my, my, ..., m of basic assignments defined on Xk, , X, , . . . , Xk, respectively, the sequence
my, My, ..., m, computed by the following process

my = my,

1‘712 = ﬁllu(zmkl >my,

. == KsN(Ky UK.
M3 = (i > inp) VOO K1) 1y

= — = K:N(K{U--- K —
My = (Mg - - > i g) KOE K1)

has the following properties: my > - - - > m, = my > - - - > m,; each m; is defined on X, and is marginal to mq > - - - > m;.
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Remark 6. It is important to realise that if Ky, K3, . . ., K; meet RIP, then each K; N (K; U - - - UK;_1) is a subset of some K;
(j < i) and therefore

_ _ . UK _ LKiNK;

(g > - - - > mi_])u(,m(lﬁu UKi—1) _ mjl i

Therefore, from the computational point of view, the process described in Proposition 7 is simple for systems of low-
dimensional assignments corresponding to decomposable graphs, and can be performed locally (see the next section).

Remark 7. Notice that, thanks to Proposition 3, one can deduce that for a decomposable basic assignment m it is possible
to read the system of conditional independence relations valid for m exactly in the same way as it is done for decomposable
probabilistic measures: If G = (N, E) is a decomposable graph with respect to which decomposable basic assignment m
factorises, and if nodes i and j are separated in G by set M then

i1Lj | M [m].

However, let us stress once more: this possibility holds only if one accepts Definition 3.

5. Local computations

By local computations we understand a process based on the ideas published in the famous paper by Lauritzen and
Spiegelhalter [19]: The considered probabilistic model (Bayesian network) is first converted into a decomposable model
which is subsequently used to compute the required conditional probabilities. What is important in the latter part of the
process is the fact that when computing the required conditional probability, one performs computations only on the system
of marginal distributions defining the decomposable model. During the computational process one does not need to store
more data than what is necessary to store for the decomposable model.

In this paper we do not have an ambition to solve this problem in full generality. We just discuss a way that will enable
us to answer a question like: What is a belief for values of variable X; if we know that variable X; has a value a? As said above,
in probability theory the answer is given by conditional probability distribution 77 (X;|X; = a). Let us study a possibility to
obtain this conditional probability distribution with the help of the probabilistic operator of composition (see the beginning
of Section 1.3).

Define a degenerated one-dimensional probability distribution «|;;4 as a distribution of variable X; achieving probability
1 for value X; = q, i.e.,

1 ifx =a,
Kli;a(xi =X) = .
0 otherwise.

Now, compute (kjj;q > )V for a probability distribution 7= of variables Xg with i, j € K:

(kjiza > 1Y) = (ki > 1) VI (1) = (kg & 70D YO ()

-y Kia®) - Ty, x) 7y, a)

— 1
. = - =T a).
reX; 7'[¢{1} (x) 7'[¢{1} (a) (y| )

This fact that the conditional probability nw'i}(ym) can be expressed with the help of the operator of composition,
inspired us to also introduce a similar construction for basic assignments. Define a degenerated basic assignment m;.q
on X; with only one focal element m;.o({a}) = 1. What is the basic assignment (mj;.q > m)w}? The answer is given by
Proposition 1: it is that basic assignment which arises from m by changing its marginal for variable X; so that it is equal to
my;q. In other words, it describes the relationships among all variables from Xy which are encoded in m when we know that
X; takes the value a. Therefore, in a sense it yields an answer to the question raised above.

In the rest of this section we will show that having a belief network m, it is possible to compute m;. ,>m by a computational
process following the ideas of Lauritzen and Spiegelhalter.

5.1. Conversion of a BN into decomposable basic assignment

The process realizing this step can be directly taken over from probability theory [9]. We start assuming that the considered
basic assignment m is given in a form of a belief network, i.e.,
m = m¥fam) o g lfam@) o g fam(ND

foranacyclic graph G = (N, E), and the ordering 1, 2, . . ., [N| is such that parents are before their children. Then undirected
graph G = (N, E), where
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F= [ {i,j) e (’;’) ‘I eN {ij) gfam(k)] ,

is a so-called moral graph from which one can get the necessary decomposable graph G = (V, F) (which will be uniquely
specified by a system of its cliques Cy, Cy, ..., C;) by any heuristic approach used for moral graph triangulation [4] (it is
known that the process of looking for an optimal triangulated graph is a NP hard problem). When one realises that there
must exist an ordering (let it be the ordering Cy, Cy, .. ., C.) of the cliques meeting RIP and simultaneously

iepa() = f(@) <f@),

where f(k) = min(€ : k € C¢), then it is an easy task to compute the necessary marginal ba’s mia o miG

Example: Consider a basic assignment m that is a BN with the graph in Fig. 2(a). It means that
m=m‘ W o m 2o 231 12,4} 145} g, 13.5.6)

or equivalently it means that the basic assignment m can be represented with the help of two one-dimensional (my, my),
two two-dimensional (my3, mys), and two three-dimensional (1124, M356) basic assignments

m = my > My > M3 > M4 > Mys5 > M356.

Notice that here we do not assume that, say, mi»4 is a marginal of m.

The corresponding moral graph is in Fig. 2(b), and a possible triangulated (decomposable) graph is in Fig. 2(c). So,
the corresponding decomposable model is represented with the help of four three-dimensional marginals, which can be
computed in the following way:

m¥ {1240 = my > my > M4,
miiz:3.4 — 2.4

> mj3,
m¢{3v4’5} = m¢{3’4} > Mys,
m¥ 3568 — V351 o

5.2. Computation of conditional basic assignment

In comparison with the previous step, this computational process is much more complex. We have to show that having
a decomposable basic assignment m = m‘€ > ... m¥S one can compute (1my;;q > m)W} locally.

For this, we take advantage of the famous fact (an immediate consequence of the existence of a join tree, see [1]) that if
C1, Gy, ..., Cr can be ordered to meet RIP, then for each k € {1, 2, ..., r} there exists an ordering meeting RIP for which Cj
is the first one. So consider any Cy for which i € Ci, and find the ordering meeting RIP which starts with Cj,. Without loss of
generality letit be C1, Gy, ..., G (so,i € Cq).

Considering basic assignment m decomposable with respect to the graph with cliques Cq, G, ..., G, our goal is to
compute

W — 16 G 16\ VW
(myj.q > m) _(m‘i;a>(m >mY2>-.o>m )) .
However, at this moment we have to assume that m*{%} ({a}) is positive. Under this assumption we can apply Proposition 2
(r — 1) times getting

Mj.q > MmO emt@ e ety = M|j.q > (M e mt@ e Oy G
— ... Zm‘i;abmicl >m¢C2>...>m¢Cr’
from which the following computationally local process (see Remark 6)
my = mjj,q > m¥e,
ﬁ”lz = ﬁliLszCl > micz,

iy = (Mg > my)VONOVG) L G

My = (M- > mr71)¢crﬂ(C1U---Cr71) > m»LCr’
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Table 3
Focal elements of basic assignments my, my, ms.

mi({(a1, @), (a1, @) = 3 my({(az. a3)}) = & m3({(a3, ag)}) = 3
m({(ar, ), (@, @)} = § my({(az, a3)}) = § m3({(as, as), (@3, @)}) = 3
mi({(a1, @), (a1, @), @, )} =5 my({(a2,83), (@, 33)}) = § m3({(@3, as), (@3, 00)}) = §
ma({(az, @3). (@2, a3)}) = §
yields a sequence my, ..., my, such that mj;,q > m = my > - - - > m,, and each my, = (myj;q > m)ic". Therefore, to compute

(myj.q > m)¥U} it is enough to find any k such thatj € Cy because in this case (myj.q > m)VUl = rﬁ,f{i}.

Example: Consider a 4-dimensional binary space X; x Xy x X3 x X4 with X; = {a;, a;}, and three two-dimensional basic
assignments whose all focal elements are given in Table 3. Let the goal be to compute (m>m; >m3)“4} under the assumption
that X; = a,, i.e., we want to evaluate

(Mm1.q, > (M1 > My > m3)) V14,

Since X7 is among the arguments of my, and {a4 } is a focal element of (m; >m; > m3) ¥4 we can apply the above-introduced
procedure (repeated application of Proposition 2) getting that

(M)1.q, > (M1 > my > m3)) Y = (mpyq, > my > my > ms) HA,

So, the task remains to apply the process described in Proposition 7. We get that m|;.q, > my has only one focal element
({(a1, a2), (a1, az)}), and therefore the same holds also for (m;,q, > ml)“2}: (myq.q, > ml)“Z}(Xz) =1.
From this we immediately get (m;q, > m1)“2} > my with two focal elements

_ 1

((Mp:q, > m) Y o my) (Xo x {@3)) = 5
1

(Mg, > m) Y 5 my) (X x X3) = 2

and therefore also its marginal ((m)q;q, > my )“2} > mz)“”, which is necessary for the computation of the next (already the
last) composition, has two focal elements: {as} and X3. Evaluating this third composition we get that ((m)q;q, > m1)“2} >
mo)V3 = ms has again two focal elements {(as, a4), (as, a4)} and {(as, as), (as, dq)}; for each of them the computed
composed basic assignment equals % Marginalising the last two-dimensional basic assignment we get the desired result:

(M1, & (M1 > my & ma) Y = (mp1q, &> )P e ma) B o mag) VY
has only one focal element, namely
(M1, & (1 & my & ma) ) (fag)) = 1.

Remark 8. If the goal is to compute a basic assignment for variable X; under the condition that X, = a and simultaneously
Xf = b, then one can first compute the decomposable model mje,q > m = my > my > - - - > m; by the process described
above, and afterwards

m‘f;b > (m|e;a > m) = m‘f;b > (ﬁ’l1 l>ﬁ12 > > ﬁ’lr)

in an analogous way finding a new permutation of Ky, Ko, . . ., K, meeting RIP such that the first index set contains f. This
time, naturally, we have to assume that m*'} ({p}) > 0, too.

6. Conclusions

Inspired by Graphical Markov Models in probability theory, we introduced decomposable models in Dempster-Shafer
theory of evidence. For this we used two recently introduced concepts: operator of composition and factorisation.

Based on a factorisation lemma, it is possible to deduce that the introduced decomposable models possess the same
conditional independence structure as their probabilistic counterparts; it can be read from the respective graphs following
exactly the same rules as in the probabilistic case. This, however, holds only under the assumption that we accept the
definition of conditional independence as presented here in Definition 3. Recall that our papers are not the only ones
showing evidence in favour of this definition. As it was already presented in [3], Studeny showed that the concept of
conditional independence based on application of the conjunctive combination rule is not consistent with marginalisation.
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He found two consistent basic assignments for which there does not exist a common extension manifesting the respective
conditional independence (for more details and Studeny’s example see [3]). Let us stress here once more that Definition 3
does not suffer from this insufficiency.

Nevertheless, it was not the main goal of this paper to support the new concept of conditional independence. Here we
dealt with the question of whether the ideas of local computations can also be applied to computations in Dempster-Shafer
theory of evidence. At this time we have, unfortunately, obtained only a partial answer. The results presented in the last
section show that we are able to theoretically support local computations in the cases when the associativity of the operator
of composition holds. We did it under the additional assumption that m“({a}) > 0, i.e., under the assumption that

Bel(X, = a) = m**({a}) > 0.

From the point of view of real-world application, we would prefer if the designed computational process were applicable
under a weaker condition, for example, in a case where

PiXe =a)= ». m'(A) > 0.
ACX,:aeA

However, as we showed in Example in Section 2, this condition does not guarantee the necessary associativity of the operator
of composition.

In this paper we studied the possibility to compute a posterior basic assignment under a condition that a value of a
variable is given. But it should be mentioned that the described procedure is applicable also in case one wants to compute
conditional basic assignment like, e.g., that studied by Shenoy in [22]. In fact it can be used for computation of any basic
assignment that can be expressed as a composition of a specific (perhaps one-dimensional) assignment with a multidimen-
sional decomposable model.
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